Abstract. Given positive integers r,, r2, r¡,..., r¡ such that r¡ < r2 < r} < ■ ■ ■ < rj < m; m > 1 ;
1.
Notation. In what follows, small letters other than x denote nonnegative integers; |jc| < 1; the parts in a partition are deemed to be arranged in a nonascending order unless otherwise clear from the context; p (u, v) denotes the number of partitions of u into at most v parts, with p(0, t>) = 1; square brackets denote the greatest integer function; m > 1 ; and we write X(a¡) for 1/((1 -x)(l -x2)---(1 -xa>)) withAr(0)=l.
2. The Problem. Given m > 1, and integers rx,r2,r3,...,tj such that 0 < r, < r2 < ■ ■ ■ < r¡< tn;
we have to find the number P(n, m; R) of partitions of a given number n into parts belonging to the set R of residue classes rx(modm), r2 (modm),..., r, (modm) if any such exist.
Let us first consider the set of those partitions of n which have a, parts each congruent to rx (mod m), a2 parts each congruent to r2 (mod m), üj parts each congruent to r} (mod m).
For n to have such a partition, it is necessary that
(1) n = rxax + r2a2 + • • • + rjOj + Cm for some integer C > 0. Any partition belonging to our set can be considered to have y sections-the first consisting of a, r,'s, the second of a2 r2's;..., and theyth of ay ry's.
To get a partition of 77 of the desired type, we must distribute the C m's between they sections in all possible ways. Let cx m's be allotted to the first section, c2 to the second section.and c¡ to they th section. Since the elements of each section are all alike, the c, m's assigned to the /th section are partitioned into at most a, parts which are then tagged on to the elements of the section in order. Thus the number of partitions to which the allotment leads is given by
Letting cx,c2.Cj run through all the (Cjl^x) solutions of the Diophantine equation (3) cx + c2 + c3 + ■■■ + Cj = C in nonnegative integers, we can not only find the number of partitions in our set but can also write them out. We do this in the following example with m = 11 ; r, = 2, r2 = 6, r3 = 8, r4 = 10; a, = 5, a2 = 2, a, = 1, a4 = 1 ; and C = 3;
which implies that 77 = 73. Thus the required number of partitions in the set is 29. A formula for the number of partitions in the set is obtained as follows. We note that p(c¡, a,) is the coefficient of x'1 in the expansioin of X(ai). Hence L/7(c,,ai) -P(c2,a2).p(cj,aj), < where c's run over all the solutions of the Diophantine equation (3), is the coefficient of xl in the expansion (in ascending powers of x) of the product X(ax) ■ X(a2) ■ X(a3).X(Qj). This is the same as the coefficient of xc in (4) X(b¡)-X(b2)-X(b3).X(bj), where (5) /?, = min(C, a,), i = 1,2,3,..., j.
In our example, it is the coefficient of x3 in
*(3)-jr(2)-*(i)-jr(i).
We leave it to the reader to verify that the coefficient is 29.
3. The Formula for P(n, m; R). We have seen that Before we consider our next example, let it be recalled that the number of solutions of (6) 
